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A quasi-two-dimensional ~2D! Stockmayer model is developed in which the center of mass of the
molecule is confined on a plane while the dipole of the molecule can rotate freely in three
dimensional space. This model entails essential characteristics of systems such as dipolar molecules
physisorbed on a solid surface, or a Langmuir monolayer consisting of short-chain molecules with
a dipolar tail. The Gibbs ensemble Monte Carlo technique is employed to determine the vapor–
liquid equilibria of the model fluids. An Ewald sum for this quasi-2D model is formulated to account
for the long-range dipolar interactions. Three systems with different reduced dipole moments were
studied. The critical point of each system is determined by fitting the vapor–liquid coexistence data
to a 2D scaling law and the rectilinear law. We find that in general the critical temperature of the
system is reduced due to the confinement and is sensitive to the strength of the dipole moment,
whereas the critical density is not. The effect of reducing the dispersion part of potential on the
vapor–liquid equilibria is also studied. We find the dispersion potential reduction leads to a lower
critical temperature and a higher in-plane part of molecular dipole moment; however, because the
reduced critical temperature is relatively small compared with that of a 3D system, disappearance of
the critical point is not observed in the quasi-2D SM system within practical scope of the simulation.
© 1997 American Institute of Physics. @S0021-9606~97!51508-X#
INTRODUCTION
Although strict 2D systems do not exist in the real
world, many realistic systems exhibit 2D or quasi-2D char-
acteristics. Examples are physisorption of gases on solid
surfaces,1 surfactant monolayers adsorbed on an air/water
interface,2 and thinning by evaporation of completely wetted
liquid films on clean solid surfaces.3 By use of computer
simulations, however, exact 2D systems can be studied. In-
deed, in the past two decades, computer simulations have
allowed considerable progress toward understanding exact
2D fluid systems; for example, the equation of state,4 critical
phenomena,5,6 and the liquid–vapor interface5,7,8 of 2D
Lennard-Jones ~LJ! system have been studied. In recent
years, there has been growing interest in the determination of
vapor–liquid coexistence curve for the 2D LJ fluids by use
of the newly developed Gibbs ensemble Monte Carlo
technique.9–11 As 3D systems, different phases of a 2D sys-
tem can coexist under the equilibrium condition, which is the
equality of temperature, pressure, and chemical potential of
each phase.12
Although physisorbed nonpolar molecules or thin mo-
lecular films with nonpolar tails can be modeled by an exact
2D LJ system when their vapor–liquid coexistence is
concerned,11 physisorbed polar molecules or thin-films with
polar tails are intrinsically quasi-2D in nature. On one hand,
the position of the molecules is confined on a surface; on the
other hand, the dipole moments of the molecules may take
any direction in 3D.
In this paper we devise a simple model—the quasi-2D
Stockmayer ~SM! model—which is a confined dipolar LJ
system. In this model, the molecules can move only within a
plane while the dipoles of the molecules can freely rotate in
3D. Note that this model is essentially an off-lattice 2D
Heisenberg model.22 Note also that the quasi-2D SM differs
from the exact 2D SM ~which is also the off-lattice X–Y
model! in that for the latter model the dipoles of molecules
allow to rotate only in the same plane as the translational
movement and the dipole–dipole interaction energy is deter-
mined from the solution of the 2D Laplace equation.13 Al-
though several computational studies13 have been undertaken
for the exact 2D SM systems, the present work is, to our
knowledge, the first computer simulation for a quasi-2D SM
system.
The focus of this work is the vapor–liquid phase equi-
libria and the critical point of the quasi-2D SM system. We
explore how the molecular polarity affects the vapor–liquid
phase equilibria and the critical point. We also attempt to
look into whether the vapor–liquid transition exists when the
dispersion part of the SM potential is reduced. In this work
we employ the Gibbs ensemble Monte Carlo molecular
simulation technique to derive the vapor–liquid coexistence
curves. The paper is organized as follows. In Sec. II, we
describe the quasi-2D SM model and present details of the
simulation. Section III includes discussion of the simulation
results for three systems having different reduced dipole
a!On leave from Department of Chemical Engineering, Beijing University of
Chemical Technology, Beijing 100029, People’s Republic of China.
b!Author to whom correspondence should be addressed.
3311J. Chem. Phys. 106 (8), 22 February 1997 0021-9606/97/106(8)/3311/7/$10.00 © 1997 American Institute of Physics
Downloaded¬19¬Apr¬2007¬to¬129.93.16.206.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
moments and the effect of reducing the dispersion part of the
potential on the phase equilibria. The conclusion is given in
Sec. IV. In the appendices, we show a derivation of the
Ewald summation formula for the quasi-2D SM system,
which is used to treat the long-range dipole–dipole interac-
tions in the computer simulations.
MODEL AND SIMULATION METHOD
The SM potential model describes the intermolecular in-
teraction by adding a dipole–dipole interaction term to the
LJ potential, i.e.,
Ui j~rij ,mi ,mj!54eF S sri j D
12
2S s
ri j
D 6G1UD~rrij ,mi ,mj!.
~1!
The first part of Eq. ~1! is the LJ potential energy where ri j is
the distance between particle i and j , and e and s are the
energy and size parameters. UD is the dipole–dipole interac-
tion energy which can be expressed as
UD~rij ,mi ,mj!5
1
ri j
3 Fmimj2 3
ri j
2 ~mirij!~mjrij!G , ~2!
where m is the molecular dipole moment. In a quasi-2D SM
system, the positions of the molecules are confined in a 2D
plane while the dipoles of the molecules can rotate freely in
a 3D space.
Computer simulations for a system involving dipoles are
more time consuming because of the long-range nature of
dipole–dipole interactions. The standard cutoff approxima-
tion cannot be adopted with the common simulation size.
Instead, special techniques such as the Ewald sum or reaction
field are needed to handle the long-range interactions. Sev-
eral general treatments14–17 in deriving the Ewald sum for-
mula were developed and used in computer simulations of
3D SM systems. Here we adapt the Nijbore and de Wette
approach17 to derive an Ewald sum formula for the quasi-2D
SM system. In doing so, we divide the molecular dipole
moment into two parts; ~1! ms , the in-plane part, and ~2! mz ,
the part which is normal to the plane. Since for the quasi-2D
SM system rij is within the 2D plane, UD in Eq. ~2! can be
written as
UD5
1
ri j
3 Fmismjs2 3
ri j
2 ~misrij!~mjsrij!G1 m izm jz
r i j
3 . ~3!
With such a division, UD can be separated into two parts,
one related only to ms , and the other related only to mz . Thus
the Ewald sum for each part can be derived separately. The
details of the derivation are given in Appendix A.
To obtain the phase equilibria for the quasi-2D SM sys-
tem, the NVT Gibbs ensemble Monte Carlo ~GEMC! tech-
nique is employed. This technique was developed by Pana-
giotopoulos in 1987.18 Details of this method can be found in
the original papers of Panagiotopoulos,18 Panagiotopoulos
et al.,19 and in the review article of Panagiotopoulos.20 In a
GEMC simulation, two homogenous fluid phases at thermo-
dynamic equilibrium are simulated simultaneously in two
separated boxes. Three types of Monte Carlo moves are in-
volved; ~1! particle displacement for internal equilibrium; ~2!
particle interchange for chemical equilibrium; and ~3! vol-
ume rearrangement for mechanical equilibrium. In our simu-
lations, we used 512 particles in every simulation run. With
this particle number, no appreciable finite-size effects were
found. Simulations are conducted in cycles; each cycle con-
tains 512 particle displacements, 200 to 500 particle inter-
changes, and one volume rearrangement. A complete simu-
lation typically involves 20 000 cycles. The first 10 000
cycles are used for equilibration and the second 10 000
cycles are used to accumulate data. Normally, the final
10 000 cycles are divided into 10 blocks; the standard devia-
tions are calculated from block averages.
The LJ part of molecular interaction potential is trun-
cated at the distance equivalent to half box length; long-
range correction is included by assuming the radial distribu-
tion function, g(r)51, for distances beyond the cutoff
radius. When the Ewald sum is used, the ‘‘tinfoil’’ boundary
condition15 is adopted, and a careful pretest shows that the
optimal value of parameter k ~which governs the conver-
gence of the Ewald sum; see Appendix A! is about 5.0, and
that a total of 53 reciprocal lattice vectors is sufficient to give
convergent results.
The chemical potentials are also calculated from the
equation proposed by Smit and Frenkel.21 Unlike the LJ sys-
tem, caution must be taken when the energy change for a test
particle insertion is calculated. This is because, when the
Ewald sum is used to handle the long-range interactions, the
energy change for inserting the test particle into the system
contains the interaction between the inserted particle with all
its images. The test particle-image interactions must be ex-
cluded from the test particle–system interactions.
RESULTS AND DISCUSSION
In the following, all quantities are shown in reduced
units; the definitions for the reduced units are given in Table
I. In order to examine the dipolar effects on the vapor–liquid
coexistence for the quasi-2D SM system, we have investi-
gated three systems with the reduced dipole moment m*51,
A2, and A3, respectively. Using the GEMC simulation tech-
TABLE I. Definitions of reduced quantities.a
Reduced dipole moment m* Am2/es3
Reduced pressure P*
P
s2
e
Reduced temperature T* kBT
e
Reduced density r* N
S s
2
Reduced potential energy per molecule E* E
Ne
Reduced chemical potential c* c
e
aP52D pressure; N5number of molecules; T5temperature; kB5Boltzmann
constant; S52D volume; E5total potential energy; c5chemical potential.
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nique, the coexistence curves are determined for each sys-
tem. Simulation results, together with their standard devia-
tions, are given in Table II. The vapor–liquid coexistence
curves for the three systems are shown in Fig. 1.
Although the critical point cannot be determined directly
from the simulation, one can estimate the critical point by
fitting the vapor–liquid coexistence data to the scaling law,
r l*2rv*5A~Tc*2T*!b ~4!
and the rectilinear law,
r l*1rv*
2 5rc
*1B~Tc*2T*!, ~5!
where Tc* is the reduced critical temperature, rc* is the re-
duced critical density, A and B are two associated coeffi-
cients, and b is the critical exponent. For 2D systems, it is
well known that the rigorous result of b is 0.125, and the
result of b under mean-field assumption is 0.5.22 However,
Recht and Panagiotopoulos23 have pointed out that, as the
critical point is approached, a crossover from rigorous to
mean-field scaling exponent occurs for 2D systems. This in-
dicates that data very close to the critical point should be
used cautiously in the fitting. We have examined our simu-
lation data and found that nearly all data can be fitted by
using the rigorous scaling exponent ~b50.125!, except the
data for m*5A2 at T*50.77 and for m*5A3 at T*50.93,
which seem to be too close to the critical point and are thus
excluded from the fitting. Using Eqs. ~4! and ~5!, we estimate
the critical point for the three systems. Results of the reduced
critical temperatures and the densities are shown in Table III.
From Table III one can see that the critical temperature
is sensitive to the strength of the dipole moment, i.e., a larger
reduced dipole moment leads to a higher critical temperature.
This is because the effective dipole–dipole interaction is at-
TABLE II. Simulation results for quasi 2-D SM fluid. See Table I for the symbols. The values in the paren-
theses indicate the uncertainty in the last digit~s!.
T*
Vapor phase Liquid phase
rg* Pg* 2Eg* 2cg* r l* Pl* 2El* 2cl*
m*51.0
0.54 0.0227~9! 0.0101~3! 0.322~34! 2.25~2! 0.736~8! 0.00~2! 3.21~3! 2.24~14!
0.55 0.035~4! 0.0138~13! 0.54~11! 2.15~3! 0.740~6! 0.02~2! 3.21~3! 2.20~16!
0.56 0.041~3! 0.0153~11! 0.64~6! 2.13~3! 0.723~7! 0.015~14! 3.12~3! 2.24~23!
0.57 0.046~5! 0.0169~11! 0.72~15! 2.11~3! 0.706~11! 0.010~13! 3.05~4! 2.22~13!
0.58 0.057~3! 0.0205~12! 0.74~7! 2.08~2! 0.701~13! 0.023~15! 3.02~4! 2.18~16!
0.59 0.116~12! 0.0301~19! 1.13~13! 2.04~4! 0.642~30! 0.027~9! 2.70~8! 2.34~26!
m*5A2
0.72 0.040~4! 0.0172~11! 1.20~21! 2.86~14! 0.742~10! 0.012~21! 4.68~6! 2.93~36!
0.73 0.038~3! 0.0176~18! 1.10~15! 2.85~4! 0.717~21! 0.028~17! 4.56~7! 2.95~47!
0.74 0.071~4! 0.021~3! 2.10~15! 2.81~33! 0.714~8! 0.026~28! 4.50~3! 2.95~25!
0.75 0.069~10! 0.024~3! 1.79~43! 2.77~9! 0.685~22! 0.020~20! 4.35~8! 2.82~28!
0.76 0.089~15! 0.027~4! 1.88~30! 2.74~9! 0.685~9! 0.034~21! 4.32~5! 2.87~23!
0.77 0.207~26! 0.031~12! 3.13~23! 2.73~27! 0.44~7! 0.027~14! 3.76~14! 3.02~21!
m*5A3
0.88 0.053~3! 0.016~5! 3.40~26! 3.57~21! 0.755~14! 0.022~22! 6.46~8! 3.9~6!
0.89 0.064~5! 0.020~5! 3.77~17! 3.8~1.1! 0.741~13! 0.014~25! 6.38~6! 3.64~30!
0.90 0.073~4! 0.019~4! 3.66~14! 3.39~20! 0.733~16! 0.012~30! 6.32~8! 4.0~4!
0.91 0.075~6! 0.017~5! 4.17~12! 3.6~5! 0.721~24! 0.026~30! 6.26~11! 3.94~35!
0.02 0.093~5! 0.022~6! 4.11~14! 3.9~6! 0.687~39! 0.024~33! 6.15~17! 4.20~31!
0.93 0.158~8! 0.021~17! 4.63~18! 3.4~5! 0.504~28! 0.023~23! 5.73~8! 3.9~5!
FIG. 1. Phase diagrams of the quasi-2D SM fluids at three reduced dipole
moments. The square, diamond, and triangle dots are the GEMC simulation
results. The solid circles are the estimates of the critical points based on the
simulation results. The lines are the fits to a 2D scaling law and the recti-
linear law.
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tractive in nature. The larger the reduced molecular dipole
moments, the stronger the attractive force, and thus the more
difficult to separate two molecules in liquid. On the other
hand, one can also find the critical density almost does not
change as the reduced dipole moments varies. These two
trends have also been found in the 3D SM system.24
It is instructive to compare the reduced critical tempera-
ture of the 2D systems with that of 3D systems. Comparing
our results with those of van Leeuwen, we find that the ratios
of the quasi-2D to the 3D critical temperature are 0.42, 0.48,
and 0.51, respectively for m*51, A2, and A3. An experimen-
tal study for the 2D adsorbed systems shows that the ratio
always seems close to 0.4 ~between 0.36 and 0.56!.25 Note
also that this ratio is 0.37 for the Ising model ~from computer
simulation! and 0.5 using the mean-field theory.
Although the dipolar interaction is effectively attractive,
it is very different from the attractive dispersion interaction
given by the power-6 term in the LJ model; the former is
anisotropic, whereas the latter is isotropic. It was shown26
that the dipolar interaction tends to aggregate the molecules
into anisotropic chainlike structures while the LJ interaction
favors the isotropic dropletlike structures. Recently, van
Leeuwen and Smit found27 that a minimum amount of iso-
tropic attractive energy is necessary to stabilize the vapor–
liquid coexistence for a 3D system interacting with the po-
tential,
Ui j~ri j ,mi ,mj!54eF S sri j D
12
2lS s
ri j
D 6G
1UD~ri j ,mi ,mj!, ~6!
where the LJ dispersion term is reduced by a factor l ~0,l
,1!. Using GEMC simulations, they found that as the l is
reduced, there exists a threshold for l below which the
vapor–liquid coexistence cannot be found; instead, a head to
tail chainlike structure forms. Later simulation studies also
support this finding.27–29 Can similar behavior happen for the
quasi-2D system if the dispersion energy is also reduced? To
address this question, we have performed GEMC simulations
with a potential similar to Eq. ~6!. In the simulations, m*2 is
set to be 1. Vapor–liquid coexistence curves for l50.95, 0.7
and 0.5 are obtained and shown in Fig. 2. For comparison,
the curve for l51 is also shown in this figure.
As found in the 3D system by van Leeuwen and Smit,
when l decreases, the critical temperature of the quasi-2D
system also decreases due to the weakening of the attractive
dispersion force. However, when l is reduced to 0.5, we find
the successful exchange rate in GEMC simulations becomes
lower than 0.1% at the reduced temperature T*50.2. This
prevents us from carrying out the simulations for even lower
values of l. A typical snapshot of a vapor phase configura-
tion is shown in Fig. 3.
As the dispersion energy decreases, the anisotropic dipo-
lar interaction becomes more dominant in controlling the lo-
cal structure of the fluid. From Fig. 3 we observe that some
short chainlike structures appear. However, it seems that
l50.5 is still too large to bring out the dipolar interaction
TABLE III. Reduced critical temperatures and densities for quasi-2D SM
fluids with three reduced dipole moments.
m* Tc* rc*
1.0 0.595 0.37860.007
A2 0.775 0.38260.011
A3 0.936 0.38860.013
FIG. 2. Phase diagrams of the quasi-2D SM fluids when the dispersion term
of the potential function is reduced by a factor of l50.95, 0.7, and 0.5,
respectively. The circle, triangle, square, and diamond dots are the GEMC
simulation results. The lines are the fits to a 2D scaling law and the recti-
linear law.
FIG. 3. A snapshot of the configuration for the quasi-2D SM fluid when
l50.5, m*51.0, and T*50.2.
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induced short-range correlation such that all the molecules
join together forming a long chain of head to tail structure
and resulting in the disappearance of the critical point. Thus
whether or not the critical point disappears as the dispersion
energy is reduced in the quasi-2D SM system is still an open
question. However, analyzing the ensemble average of mz2
provides us with some qualitative information. In the simu-
lations, we found that ^mz2& is always around 0.3 when l is 1,
but drops to 0.14 in vapor and 0.09 in liquid phases when l
is 0.5 ~at T*50.2!. This indicates that the anisotropic dipolar
interaction brings on a large in-plane component of dipole
moment for the quasi-2D system. Therefore we speculate
that when the value of l is sufficiently small, the molecular
dipole moments could be confined in the 2D plane and thus
the formation of the head to tail chainlike structures in a 2D
plane is still conceivable for the quasi-2D SM system.
CONCLUSION
We have studied a quasi-2D SM system which entails
essential characteristics of the system such as dipolar mol-
ecules physisorbed on a solid surface, or a Langmuir mono-
layer consisting of short-chain molecules with a dipolar tail.
An Ewald sum germane to the quasi-2D system is, for the
first time, formulated and used in the simulation to account
for the long-range dipolar interaction. The vapor–liquid co-
existence of the system is obtained by using the GEMC tech-
nique.
The results of the computer simulation show that the
critical temperature of the quasi-2D SM system is sensitive
to the strength of dipole moment whereas the critical density
is not. Unlike the 3D counterpart, disappearance of vapor–
liquid coexistence due to reducing the dispersion energy in
the potential model is not found within the practical scope of
the GEMC simulation. What we found, however, is that the
reduction of dispersion energy leads to a larger in-plane di-
pole moment. These results reflect distinctive characteristics
of the dipolar system when it is confined on a 2D plane.
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APPENDIX A: EWALD SUM FOR THE DIPOLAR
INTERACTION ENERGY IN A TWO DIMENSIONAL
PERIODIC LATTICE
Here, we will derive the formulas for the Ewald sum,
V5
1
2 (i51
N
(j51
N
(
unu50
`
8
qiq j
uri j1nu2m
~m51/2,3/2!, ~A1!
where n5L(nxiˆ1ny jˆ), nx , ny50,61,62,... . L is the length
of the simulation box, and q will be defined later. The prime
in Eq. ~A1! means the i5 j term for n50 is excluded.
The starting point is to choose a suitable function,
vm(kr), to factorize 1/r2m, i.e.,
1
r2m
5
12vm~kr !
r2m
1
vm~kr !
r2m
, ~A2!
where vm(kr) goes rapidly to one at large r and to zero at
r50. Thus the first part in the right-hand side of Eq. ~A2! is
a short-range term and the second part is still a long-range
term. Following Eq. ~A2!, Eq. ~A1! can be factorized as
V5
1
2 (i51
N
(j51
N
(
unu50
`
8
qiq j@12vm~kuri j1nu!#
uri j1nu2m
1Vl ,
~A3!
where Vl is a long-range term which is written as
Vl5
1
2 (i51
N
(j51
N
(
unu50
`
8
qiq jvm~kuri j1nu!
uri j1nu2m
5
1
2 (i51
N
(j51
N
(
unu50
` qiq jvm~kuri j1nu!
uri j1nu2m
2Vs , ~A4!
where in the right-hand side of Eq. ~A4!, the i5 j term for
n50 is included in the first term. The second term,
Vs5
1
2 (i51
N
qi
2 lim
r!0
vm~kr !
r2m
~A5!
is the self-term and can be further simplified using the
L’Hopital’s rule.
Next, by using two relations,
(
n
vm~kuri j1nu!
uri j1nu2m
5E (
n
vm~kr !
r2m
d~r2ri j2n!dr
~A6!
and
(
n
d~r2ri j2n!5
1
A (G exp@ iG~r2ri j!# , ~A7!
where G5(2p/L)(nxiˆ1ny jˆ) and A(5L2! is the area of the
box, one can derive the relation
(
n
vm~kuri j1nu!
uri j1nu2m
5
1
A (G E vm~kr !r2m exp~ iGr!dr
3exp~2iGri j!. ~A8!
For the quasi-2D system, a suitable choice for the function
vm(kr) is
vm~kr !5g~m ,k
2r2!/G~m !, ~A9!
where g(m ,k2r2) and G(m) and are the complementary in-
complete gamma function and the gamma function, respec-
tively.
With Eq. ~A9!, the one can then evaluate analytically the
two-dimensional Fourier transformation of g(m ,k2r2)/r2m
in Eq. ~A8! ~see Appendix B! and Vs in Eq. ~A5!; together
they give the final expression for Vl .
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If qi and q j represent the charges in the system ~assum-
ing the total charge is zero, i.e., (qi50!, and m51/2, then
we obtain
Vl5
p
A (i51
N
(j51
N
(
GÞ0
qiq j erfcS G2k D
G exp~2iGri j!
2(
i51
N kqi
2
Ap
. ~A10!
If qi and q j represent z-component of dipole moment,
miz and mjz , respectively, and m53/2, then we obtain
Vl5
p
A (i51
N
(j51
N
(
GÞ0
m izm jzF 2kAp expS 2 G24k2D
2G erfcS G2k D Gexp~2iGri j!
1
2Apk
A (i51
N
(
i51
N
m izm jz2
2k3
3Ap (i51
N
m iz
2
, ~A11!
where erfc(x) is the complementary error function. Note that
in deriving Eqs. ~A10! and ~A11!, we have used the follow-
ing two relations:
GS 12 ,x D5Ap erfc~Ax ! ~A12!
and
G~n11,x !5nG~n , x !1xn exp~2x !. ~A13!
Finally replacing qi by mis i for m51/2, the Ewald
sum for the first part of Eq. ~3! is
V i5
1
2 (i51
N
(j51
N
(
unu50
`
8 ~mismjsB~ uri j1nu!2~misri j!
3~mjsri j!C~ uri j1nu!!
1
p
A (i51
N
(j51
N
(
GÞ0
~misG!~mjsG!erfcS G2k D
G
3exp~2iGri j!2(
i51
N 2k3m is
2
3Ap
, ~A14!
where
B~r !5
erfc~kr !
r3
1
2k
Ap
exp~2k2r2!
r2
~A15!
and
C~r !5
3 erfc~kr !
r5
1
2k
Ap
S 3
r2
12k2D exp~2k2r2!
r2
~A16!
and replacing qi by miz for m53/2 the Ewald sum for the
second part of Eq. ~3! is
Vz5
1
2 (i51
N
(j51
N
(
unu50
`
8
m izm jz
uri j1nu3 F erfc~kuri j1nu!
1
2kuri j1nu
Ap
exp~2k2uri j1nu2!G
1
p
A (i51
N
(j51
N
(
GÞ0
m izm jzF 2kAp expS 2 G24k2D
2G erfcS G2k D Gexp~2iGri j!
1
2Apk
A (i51
N
(
i51
N
m izm jz2
2k3
3Ap (i51
N
m iz
2
. ~A17!
APPENDIX B
Here we show the 2D Fourier transformation
E g~m ,k2r2!
r2m
eiGrdr5pSG24 D
m21
GS 2m11, G24k2D ,
~B1!
where g(m ,x) 5 *0xe2ttm21dt and G(m ,x) 5 *x`e2ttm21dt
are the incomplete and the complementary incomplete
gamma function, respectively. The equation ~B1! can be re-
written as
E
0
`E
2p
p g~m ,k2r2!
r2m
eiGr cos urdudr
5pSG24 D
m21
GS 2m11, G24k2D , ~B2!
where the inner integral of the left-hand side can be ex-
pressed in terms of the zero order Bessel function of the first
kind, i.e., J0(Gr)5(1/2p)*2pp eiGr cos udu. Therefore we only
need to show the Hankel transformation
2E
0
` g~m ,k2r2!
r2m21
J0~Gr !dr5SG24 D
m21
GS 2m11, G24k2D .
~B3!
Let u5Gr and the left- and right-hand side of Eq. ~B3! be IL
and IR , respectively; IL and IR can then be written as
IL~G !52G2~m21 !E
0
`
gSm , k2u2G2 D
u2m21
J0~u !du
5G2~m21 !IL8 , ~B4!
and
IR~G !5
G2~m21 !
4m21 GS 2m11, G
2
4k2D5G2~m21 !IR8 , ~B5!
Our goal is then to show
IL8~G !5IR8 ~G !. ~B6!
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To proceed we first cite three auxiliary relations that will
be used for the proof of Eq. ~B6!; ~i! A theorem related to the
incomplete gamma functions,
dg~m ,x !
dx 52
dG~m ,x !
dx 5x
2me2x, ~B7!
~ii! the integral formula,31
E
0
`
xe2ax
2
J0~x !dx5
1
2a e
21/4a2
, ~B8!
and ~iii! two limiting cases for the incomplete gamma func-
tions, g~m ,0!50, and G~m ,`!50.
From Eqs. ~B4!, ~B7!, and ~B8!, we obtain
dIL8
dG 524
k2m
G2m11 E0
`
ue2k
2u2/G2J0~u !du
524
k2~m22 !
G2m21 e
2G2/4p2
. ~B9!
On the other hand, from Eqs. ~B5! and ~B7!, we obtain
dIR8
dG 524
k2~m22 !
G2m21 e
2G2/4k2
. ~B10!
Thus, we have
dIL8
dG 5
dIR8
dG . ~B11!
This equality of the derivative of IL8 and IR8 in conjunction
with the auxiliary relation ~iii! ~for IL8 uG5` and IR8 uG5`! gives
rise to Eq. ~B6!, or, Eq. ~B1!.
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